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From function to operator

@ Function: R4 — R4

e.g., image classification: — 5

@ Operator: function (co-dim) +— function (co-dim)
e.g., derivative (local): z(t) — 2/(t)
e.g., integral (global): z(t) — [ K(s,t)x(s)ds

X2 System BiU]
e.g., dynamic system: "] T T oupat
signal signal
e.g., biological system
e.g., social system
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From function to operator

@ Function: R4 — R4

e.g., image classification: — 5

@ Operator: function (co-dim) +— function (co-dim)
e.g., derivative (local): z(t) — 2/(t)
e.g., integral (global): z(t) — [ K(s,t)x(s)ds

x(1) System U

. . —p] —

e.g., dynamic system: “C L Output
signal signal

e.g., biological system
e.g., social system

= Can we learn operators via neural networks?
= How?
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Problem setup

G:ueV CC(K;)— Glu) € C(Ka)
G(u):y € R G(u)(y) €R

Input function u Output function G (u)
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Universal Approximation Theorem for Operator

G:ueV CCO(K) — Glu) € C(K?)
G(u):y € RT— G(u)(y) €R

Theorem (Chen & Chen, 1995)

Suppose that o is a continuous non-polynomial function, X is a Banach
Space, K1 C X, Ky C R? are two compact sets in X and R?, respectively,
V' is a compact set in C(K1), G is a continuous operator, which maps V
into C'(K32).

Then for any € > 0, there are positive integers n, p, m, constants
cf,ﬁfj,é’f,gk € R, wy; € RY, z;€Ky,t=1,...,n, k=1,...,p,

j=1,...,m, such that

<€

P n m
Gu)(y) =YY cio (Z hu(;) + 95“) o(wk -y + Ck)
k=1i=1

=1

holds for allu € V and y € K.
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Problem setup

G:ueV C C(Kl) — G(U) S C(Kg)
G(u):y e R G(u)(y) €R

A Inputs & Output B Training data
Input function u Output function G(u)
u(zy) at fixed sensors z1,...,z,  atrandom location y
e T AN
u: function — ?‘(sz) vy N A . \ L
Ty AN o’ N2
w(@m) a
Network > G(u)(y) € R ot — .. R
yERd/ o0 Tm DRSS

%2

o Inputs: u at sensors {z1,2s,..., 2} € R™, y € RY
@ Output: G(u)(y) € R

I | B ]
Mii
Lu et al., Nature Mach Intell, 2021
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Deep operator network (DeepONet)

D Unstacked DeepONet

6y
U(Il) /.
, - ?%E_z”) ST
Glu)(y) ~ 3 bi(u) tr(y) "®
=1 """~ G(u)(y)
branch trunk @
/
o)/

v — [Tk KT

6/

Idea: G(u)(y): a function of y conditioning on u
@ t;(y): basis function of y
u):

o by( u-dependent coefficient, i.e., functional of u

Mir
Lu et al., Nature Mach Intell, 2021
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Error analysis: the number of sensors
Consider G : u(x) — s(x) (z € [0,1]) by ODE system

%s@:) = g(s(x),u(z),z), s(0) = s0

Xm

YueV = u, €V, tm

X
X1 2

Let k(m, V) := sup,cy max;e(o,1] [u(z) — um(2)]

_ ey —ea)?
e.g., Gaussian process with kernel e” 22 : k(m, V) ~ —57

Theorem (Lu et al., Nature Mach Intell, 2021)

Assume g is Lipschitz continuous (c).
Then there exists a DeepONet N, such that

sup max ||G(u)(z) — N([u(z1),. .., w(@m)], )|y < cek(m, V).

ueV z€[0,1]
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Explicit operator: A simple ODE case

ds(z
() =u(z), z€][0,1], s(0)=0
dx
G :ulz) = s(y) = 5(0) + /
Very small generalization error!
A _I_ Train ==
104 | Test —= -
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10 FNN ResNet SquSeq Seq2Seq 10x Stacked Stacked Unstacked Unstacked
(best) (best) (best) (best) (no bias) (bias)

Lu et al., Nature Mach Intell, 2021
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Implicit operator: Gravity pendulum with an external force

dSl

-

G :u(t) — s(t)

Al g

Branch/trunk width 50

d82
dt

= —ksin sy + u(t)

Branch/trunk width 200

102 fm- .

g ex1400
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105 |k
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o Gen.
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MSE

10

106

-\\"t.i

eX/3100

o Gen.
—a—i Test

108

Test/generalization error:

10
# Train data

108

@ small dataset: exponential convergence
o large dataset: polynomial rates
o larger network has later transition point

Lu et al., Nature Mach Intell, 2021
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Implicit operator: Diffusion-reaction system

85 6 S
# Training points = #u X P
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Stochastic ODE
Consider the population growth model
dy(t;w) = k(t;w)y(t;w)dt,  y(0) =1
Stochastic process k(t;w) ~ GP(0, 02 exp(—||t1 — ta2||?/2(%))
G:Ek(tw) — y(t;w)
Ideas:

o Karhunen-Loéve (KL) expansion: k(t;w) ~ SN | v Aiei(t)&i(w)
e branch net inputs: [v/Are1(t), vV aea(t), ..., Aven(t)] € RV*™,
where \/)\_iei(t) = \/)\_Z-[(ei(tl), ei(tz)), R ,ei(tm)] eR™
e trunk net inputs: [t,&1,&,...,En] € RVH
i
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Stochastic ODE

@ Choose N =5 to conserve 99.9% stochastic energy

@ Train with 10000 different k(¢;w) with [ randomly sampled in [1, 2],
and for each k(t;w) we use only one realization

o Test MSE is 8.0 x 107 + 3.4 x 107°
Example: 10 different random samples of y(t;w) for k(t;w) with [ = 1.5
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Lu et al., Nature Mach Intell, 2021
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Stochastic PDE

Consider the elliptic problem with multiplicative noise
—div(e"@)Vu(z;w)) = f(z), z € (0,1)

with zero boundary conditions, f(z) = 10.
Stochastic process b(x;w) ~ GP(0, 0% exp(—||z1 — x2]|?/20?))

G : b(zr;w) — u(z;w)
Ideas:

o Karhunen-Loéve (KL) expansion: b(z;w) ~ >N | v Nes(x)&(w)
@ branch net inputs: [vAre1(7), vV Azea(w), ...,V Anen(z)] € RV*™
where v/ Aje;(x) = VAilei(x1), ei(x2), . .., €i(zm)] € R™
e trunk net inputs: [z,£1,&,...,&n] € RV
I"lii
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Stochastic PDE

Example: 10 different random samples of u(z;w) for b(z;w) with { = 1.5
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DeepONet for bubble growth dynamics

Traditional Methods

Continuum Regime

DeepONet

Stochastic Regime
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DeepONet for bubble growth dynamics
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Lin et al., J Chem Phys, 2021 LR
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DeepONet vs. LSTM

Sparser training data

Denser training data

20 points / trajectory 80 points / trajectory 200 points / trajectory
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DeepONet for learning operators
DeepONet (Lu et al., Nature Mach Intell, 2021)

o Algorithms & Applications
» 16 ODEs/PDEs (nonlinear, fractional & stochastic)
» Multiphysics & Multiscale problems

* Bubble growth dynamics from nm to mm (Lin et al., J Chem Phys,
2021)

* Electroconvection (Cai et al., J Comput Phys, 2021)

* Hypersonics (Mao et al., arXiv:2011.03349)

* Linear instability waves in high-speed boundary layers (Clark Di Leoni
et al., arXiv:2105.08697)

@ Observation: Good performance

» Small generalization error
» Exponential /polynomial error convergence

o Theory

» Convergence rate for advection-diffusion equations (Deng et al., Ill'-
arXiv:2102.10621) i
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