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Simulate and predict physical systems in real time
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Numerical discretization of partial differential equations

Cannot seamlessly incorporate noisy data
Mesh generation remains complex

High-dimensional problems cannot be tackled

Solving inverse problems is often prohibitively expensive

= New opportunity: Machine learning
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o . _
Computer vision @ Black-box & Trial-and-error
Classification

Classification Localization

e Big data

CAT CAT

@ Machine translation

Scientific Machine Learning: Learning from Small Data
@ Dinky, Dirty, Dynamic, Deceptive Data
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Scientific Machine Learning: Learning from Small Data
@ Dinky, Dirty, Dynamic, Deceptive Data

@ Scientific domain knowledge
e.g., physical principles, constraints, symmetries, computational simulations

@ Accurate, Robust, Reliable, Interpretable, Explainable
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Leonardo da Vinci's drawing of turbulence

“Observe the motion of the surface of the water, Which resembles that of

hair, which has two motions ..."
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Machine learning with physics

Infer pressure p and velocity fields (u,v) from concentration ¢

A B Reference c(t, z,9) Regressed e(t, ,y)
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Raissi, Yazdani, & Karniadakis, Science, 2020
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Data & Physics

Three scenarios:

Karniadakis, Kevrekidis, Lu, et al., Nature Rev Phys, 2021
Small Data Some Data

Big Data

Data
Lots of Physics

Some Physics
@ Lots of physics—Forward problems

Physics
No Physics

» Finite difference/elements

@ Some physics—Inverse problems

» Multi-fidelity learning

> Physics-informed neural network (PINN)
» DeepM&Mnet

© No physics—System identification/discovery
» Operator learning (DeepONet)
Lu Lu (MIT Math; Penn CBE)
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How to embed physics in ML?
Principles of physics-informed learning

Observational bias Inductive bias Learning bias

!

Physics- mformed machine learning

N

Conservation laws
Karniadakis, Kevrekidis, Lu, et al
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Observational bias

Directly from data

@ e.g., f+— u is symmetry invariant

@ Data augmentation
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@ Brute-force: Let the machine learn.
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Inductive bias
ML model architecture: Embed any prior knowledge
@ CNN: translation invariance

o Partially fixed-value network (Dirichlet BC):
uw(0) = 0,u(l) =1: g(z) =z, l(z) = z(1 — x)

N(z)=g(x), z€TpcC

Lu et al., arXiv:2102.04626
Lu Lu (MIT Math; Penn CBE) Physics-Informed Deep Learning Synced, Aug 2021 10 /50



Inductive bias

@ Periodic network (Periodic BC) via Fourier series:

2mx; 2mx; dmw; Arx;

), sin( Iz ), cos( Iz ), sin( Iz ), -}

{1, cos(

x
P
@

@_’sin(( '}

Can use as few as two terms {cos(QT]rfj), sin(27;fj)}

Lu et al., arXiv:2102.04626
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Inductive bias

@ Linearly constrained neural networks, e.g., divergence-free

ofi | 0f2
Vif=—+—-==0
ox + y
Divergence of the curl is 0: V- (V x g) =0, so choose
f=Vxgyg

Hendriks et al., arXiv:2002.01600
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Inductive bias

Free lunch: The network satisfies the physical constraints automatically
and exactly.

@ Do it if possible
@ Designed case by case

@ Currently limited to relatively simple and well-defined physics
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Learning bias

Idea:
@ loss functions
@ modulate the training phase

e.g., Physics-informed neural network (PINN)
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Inverse problems
Challenge: small data + incomplete physics laws

Invisible cloaking
Permittivity €, permeability u
Electric field E without coating

€1, By ;
5
05

)
N4

joint work with Prof. Luca Dal Negro (Boston U)

3, L3)

¥ (um)
o

Electric field F with coating

€1, El

Chen, Lu, et al., Opt Express, 2020
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Invisible cloaking

Goal: Given €; and e3, find e2(z,y) s.t. E1 = E1 target

€, By

2, By

Helmholtz equation (ko = 5T)
V2E; + €;kiE; = 0, i=1,2,3

Boundary conditions:

H . _ 1 90E1 _ 1 0F
o Outer circle:  Ey = Ey, -8 = -0

;

EQ _ E3, 1 0Ey _ 1 0FE3

@ Inner circle: 5 I = T3 o

Chen, Lu, et al., Opt Express, 2020
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Physics-informed neural networks (PINNs)
Idea: Embed a PDE into the loss via automatic differentiation (AD)

Loss

) = 0 V2E, + €, k2E;
o ——
& V2E; + &k3E,
A

Sl

@ mesh-free & particle-free
@ inverse problems: seamlessly integrate data and physics

@ black-box or noisy IC/BC/forcing terms (Pang*, Lu*, et al., SIAM J Sci Comput,
2019)

@ a unified framework: PDE, integro-differential equations (Lu et al., SIAM Rev, 2021),
fractional PDE (Pang*, Lu*, et al., SIAM J Sci Comput, 2019), stochastic PDE (Zhang,
Lu, et al., J Comput Phys, 2019)
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Invisible cloaking

Electric field E; Permittivity e
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Chen, Lu, et al., Opt Express, 2020
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Physics-informed neural networks (PINNs)

2 2
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e Initial/boundary conditions B(u,x) =0 on 0%
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Error analysis

Theorem (Universal approximation theorem; Cybenko, 1989)

Let o be any continuous sigmoidal function. Then finite sums of the form

G(z) = Z;'Vzl ajo(wj - x + b;) are dense in C(1y).

Theorem (Pinkus, 1999)

Letmi€Zd,i=1,...,s, and set m = max;—1__s(m} + - +mf).

Assume o € C™(R) and o is not a polynomial. Then the space of single

hidden layer neural nets
M(o) == span{oc(w-x+b): w e R% b e R}

is dense in 1 ‘
cm oY (RY) = g O™ (RY).

Optimization & Generalization:
Shin et al., 2020; Mishra & Molinaro, 2020; Luo & Yang, 2020
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Systems biology described by ODEs

Ultradian model for the glucose-insulin interaction (Sturis et al., 1991)
Goal: Infer 21 unknown parameters

Uy _ @) - E(I_p B i) _Ip @ [,: plasma insulin concentration
ar ! Vo Vil 1 . e .
@ [;: interstitial insulin concentration
dI; _ E( Ip I; ) I;
dt Ve Vil ot @ G: glucose concentration (Data)
4G .\ .
= = fa(ha) +Ic (1) = f2(G) — f3(1)C @ Ig: glucose from nutritional intake
dhy 1 200 T T T T T T T T
_ = (Ip — hl) * Sampled input
dt tg 180 Input data 1
dhy 1 =160
== —(hi—n ) g
dt  ty ( T g140 [
dhy 1 © 120
T (r2 =) 100
803 260 400 6‘00 8‘00 10‘00 1200 14‘00 1€|»OO 1800
t (min)
) f 206) = Uy (1= exp(—S )) Fotr) = —— (g + —2m
1 = J2 =Up — exp s J3Lg) = 0
1+ exp(g=¢r +a1) C2V, YT Cavy L (1) ~F
g1
N
fahs) = 1(1+1)1<t) ) mskexp(k(y — 1)
4(h3) = yh=— | =+ —1],Ict) = m;k exp j
1+ exp(a( o3~ — 1)) Ca \Vi B
5 Vp j=1
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Physics-informed neural networks (PINNs)

Idea: Embed ODEs with unknown parameters into the loss via automatic
differentiation (backpropagation)

@ Seamlessly integrate sparse data and incomplete physics

ok * .
Yazdani', Lu, et al., PLoS Comput Biol, 2020 o & -
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Inferred dynamics and forecasting
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SYSTEMS BIOLOGY

Parameter inference for systems biology models

lAnanya Rastogi

IWature Computational Science 1, 16(2021) ‘ Cite this article
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Inferring the flow over an espresso cup
Data: A video of temperature field.

a
Tomo-BOS setup

3D temperature data

2 - Physics-informed
c

neural network
3D velocity
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Cai et al., J Fluid Mech, 2021
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Filtering of in-vivo 4D-flow magnetic resonance imaging
(MRI) data of blood flow in a porcine descending aorta

o MRI data: Very coarse resolution & heavily corrupted by noise

@ Reconstructions of the velocity and pressure fields

@ ldentify regions of no-slip flow, from which one can reconstruct the
location and motion of the arterial wall

Wang, Kissas, & Perdikaris
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hPINN: PINN with hard constraints
Augmented Lagrangian method
LM04,0,) = T+ WLy + '“’ii]l{h>0v/\§>0}h2
M N ~ ~
+ 1% D=1 2im1 )\f,j}-i [a(x;); 9(x;)] + Aih
Algorithm 2.2 hPINNs via the augmented Lagrangian method.

Hyperparameters: initial penalty coefficients u% and ), factors B and By,
k+—20
)\?.j<—0for1§i§N,1§j§M
XY +—0
69,69 «— argming, o, L(.,,0,): Train the networks a(x;6,,) and §(x; 6,) from
random initialization, until the training loss is converged
repeat
k«—Ek+1
phe «— Brpl!
py — Byt
N N 2 [ 05 )i A (x5 05 for 1< i< N, 1< j < M
A e— max (\f ™ + 20 (A(x; 0571),4(x; 0571)) L 0)
0%, 0% «— argming, o, £L¥(6,,0,): Train the networks G(x;6,) and §(x;6,)
from the initialization of 85~! and 0,’;‘1, until the training loss is converged

until £7(60%,0%) and L£,,(6%,6%) are smaller than a tolerance

Lu et al., arXiv:2102.04626
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How to embed physics in ML?
Principles of physics-informed learning

Observational bias Inductive bias Learning bias

!

Physics- mformed machine learning

N

Conservation laws
Karniadakis, Kevrekidis, Lu, et al

Lu Lu (MIT Math; Penn CBE)

Dvnamics

Nature Rev Phys, 2021 =
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Inverse indentation

joint work with Prof. Subra Suresh (NTU) and Dr. Ming Dao (MIT)

Indenter-tip

P
ﬁ "
Forward B .
3 -
— 2 -
Inverse & o, — 1o e
Ep
— PN pe—
€y £ /4l 0 54
| E—

Goal: Stress-strain response < Penetration depth vs Loading force

Lu et al., PNAS, 2020
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Inverse indentation

joint work with Prof. Subra Suresh (NTU) and Dr. Ming Dao (MIT)

’ﬁ;
Forward
—_—

—
Inverse

Indenter-tip

5

P(Load)

€p

We\ = 68" m—
/4l 0 34
Aluminum

_—
€y € h(Depth) h,

Goal: Stress-strain response < Penetration depth vs Loading force

Challenge: small data

W,
o Physical laws: E,0y,n < hp, P, C, dh’hrrﬂ W

o Multi-fidelity: small experimental data + computational modeling

Lu et al., PNAS, 2020
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Multi-fidelity learning
Indentation

@ Experiments (a few)

@ 3D simulations (~10)

@ 2D simulations (~100)

No Data Left Behind.

Examples:

Low Fidelity: Sateliite

High Fidelity: MWRA In-situ Measurements
426

708 706 704 702 70
Time Longitude

Sea surface temperature forecast

Aircraft design

@ High fidelity: Experiment @ High fidelity: In-situ measurements

@ Low fidelity: Simulation @ Low fidelity: Satellite -
Lu Lu (MIT Math; Penn CBE) Physics-Informed Deep Learning
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Algorithm: Residual multi-fidelity NN

Idea: Correlate low and high fidelity

yu(x) —yr(x) = f(x,yL(x))
= e[tanh a1 - fiinear(X, y£.(x)) 4+ tanh o - fronlinear(X, ¥1.(x))]

Lu et al., PNAS, 2020
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Experiments: 3D printing Ti-6Al-4V alloys

e Experiments (5)
e 3D simulations (14)
e 2D simulations (100)

B 125 T T

T T
B3067 NN
B3090 N

100

75

Traditional method: 140%

MAPE (%)

50

25

NN NN NN self NN self
(raw) (tip)  (raw, 5) (tip, 5)

Lu et al., PNAS, 2020
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Data & Physics

Three scenarios:

Karniadakis, Kevrekidis, Lu, et al., Nature Rev Phys, 2021
Small Data Some Data

Big Data

Data
Lots of Physics

Some Physics
@ Lots of physics—Forward problems

Physics
No Physics

» Finite difference/elements

@ Some physics—Inverse problems

» Multi-fidelity learning

> Physics-informed neural network (PINN)
» DeepM&Mnet

© No physics—System identification/discovery
» Operator learning (DeepONet)
Lu Lu (MIT Math; Penn CBE)
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From function to operator

@ Function: R4 — R4

e.g., image classification: — 5

@ Operator: function (oo-dim) +— function (oco-dim)
e.g., derivative (local): z(t) — 2/(t)
e.g., integral (global): z(t) — [ K(s,t)x(s)ds

x(2) System BiU]
e.g., dynamic system: "] T T oupat
signal signal
e.g., biological system
e.g., social system
Lu Lu (MIT Math; Penn CBE) Physics-Informed Deep Learning Synced, Aug 2021
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From function to operator

@ Function: R4 — R4

e.g., image classification: — 5

@ Operator: function (oo-dim) +— function (oco-dim)
e.g., derivative (local): z(t) — 2/(t)
e.g., integral (global): z(t) — [ K(s,t)x(s)ds

x(7)

e.g., dynamic system: T |

Input

System
T

BLU]
—

Output

signal
e.g., biological system
e.g., social system

signal

= Can we learn operators via neural networks?

= How?

Lu Lu (MIT Math; Penn CBE) Physics-Informed Deep Learning

Synced, Aug 2021
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Problem setup

G:ueV CC(K;)— Glu) € C(Ka)
G(u):y € R* G(u)(y) €R

Input function u Output function G (u)
Data:
-
-~ AR \
4 / - ’
N ’ tN T 4
/7 \\ 4 I 1 ,/
NP v L.
v
Y
] \ 1
N
- // A ,l
_______ - ~ .~ _- ,
G
Question:

-~
’ ~

\
~
7/
)
)
1
1
o))
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Universal Approximation Theorem for Operator

G:ueV CCO(Ky) — Glu) € C(K?)
G(u):y € RT— G(u)(y) €R

Theorem (Chen & Chen, 1995)

Suppose that o is a continuous non-polynomial function, X is a Banach
Space, K1 C X, Ky C R? are two compact sets in X and R?, respectively,
V' is a compact set in C(K1), G is a continuous operator, which maps V
into C'(K32).

Then for any € > 0, there are positive integers n, p, m, constants
cf,ﬁfj,é’f,gk € R, wy; € RY, z;€Ky,t=1,...,n, k=1,...,p,

j=1,...,m, such that

<€

P n m
Gu)(y) =YY cio (Z hu(;) + 95“) o(wk -y + Ck)
k=1i=1

=1

holds for allu € V and y € K.

v
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Problem setup

G:ueV C C(Kl) '—)G(U) S C(Kg)

G(u):y eRY— G(u)(y) €R

A Inputs & Output
u(zy)
u: function — ?{(sz)

w(@m) \

ye]Rd/

Network > G(u)(y) € R

@ Inputs: u at sensors {x1, x2, .
@ Output: G(u)(y) € R

Lu et al., Nature Mach Intell, 2021
Lu Lu (MIT Math; Penn CBE)

ey

Physics-Informed Deep Learning

B Training data

Input function u Output function G(u)
at fixed sensors 1, .

..,x, atrandom location y
» e Tm s - -\‘
T2 N\ » . \ L
z1 N e’
G
_-* — L,

..__._—’. Tm Seeo__-T
$1z2

Tm} €R™, y e RY

Synced, Aug 2021
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Deep operator network (DeepONet)
Lu et al., Nature Mach Intell, 2021

D Unstacked DeepONet

)
w0

G(u)(y) = Y bi(u) tr(y)
k=L prarch tronk

G(u)(y)

S

y

5
¢ 00v|le: &v

Idea: G(u)(y): a function of y conditioning on u
@ t;(y): basis function of y
u):

@ by( u-dependent coefficient, i.e., functional of u

Lu Lu (MIT Math; Penn CBE) Physics-Informed Deep Learning Synced, Aug 2021 37/50



Explicit operator: A simple ODE case

ds(x)
dx

G s u@) > s(y) +/

Very small generalization error!

=u(z), z€][0,1], s(0)=0

A _I_ Train ==
104 Test —— 4
L
w
n
210-5 L p
10»6 ’_]_ll—h m I_I_|’_I_| I_I_l’—l—l
FNN ResNet SquSeq Seq2Seq 10x Stacked Stacked Unstacked Unstacked
(best) (best) (best) (best) (no bias) (bias) (no bias) (bias)

Lu et al., Nature Mach Intell, 2021
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Implicit operator: Gravity pendulum with an external force

dSl d82
— =89, —— = —ksins; + u(t
dt Toodt ®)
G :u(t) — s(t)
Al Branch/trurnkwidth 50 2 Biot & Branch/trunlkwidth 200 i
o Gen. o Gen.
—a—i Test —a—i Test
10?2 - . { 102
- e § /1400 t’;‘ TES g eX3100
103,":i;:\1 1 qoel B
104k 104k >N 13
NS
10° 10° £ Y x:.:“
10 #Tr;ig data 10 10 #Tr;ig data 10
Test/generalization error:
@ small dataset: exponential convergence
o large dataset: polynomial rates
o larger network has later transition point
Lu et al., Nature Mach Intell, 2021
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Implicit operator: Diffusion-reaction system

s _
ot

9%s
922

+ ks? + u(x),

# Training points = #u x P

Small dataset:

Exponential convergence

Large dataset:

Polynomial convergence

€ [0,1],¢ € [0,1]

A 10 T T T T T T T T T
oL X2 W#u=50 4 #u=200 mP-50 A P=200-
.. "‘-,,__-&c 100 v #u =400 v P =400
10'2.-\‘»\?:'13‘ e 1
Lals ex/wz) e . 3 -m 3
2108 A hS o
v Tea N .
Soa - S 3
104 &6 N R
N v S-
N v E " !
10-: 1 1 1 | 1 107 1 1 1 1 1 3
10 20 30 40 50 60 70 10 20 30 40 50 60 70
P #u
T
mP-50
® P =100
4 P=200
~ P =400
B103
ST .
[N
4 N
104f o M,
D00 e
105 Ty
10 1000

Lu et al,,
Lu Lu (MIT Math; Penn CBE)

Nature Mach Intell, 2021
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DeepONet for bubble growth dynamics

Traditional Methods

Continuum Regime

DeepONet

Stochastic Regime

Lu Lu (MIT Math; Penn CBE) Physics-Informed Deep Learning Synced, Aug 2021 41/50



DeepONet for bubble growth dynamics

Ba(t)
Ap — Ap(ilz)

Bp(t,)

10-5m Eus

(R(O-R(t,)/R(t;)
=G(Bp)(®)

: Time (s) ) ‘ -5
R
' —= RP/D F:.D/
Wﬂ
1255
105m | ¥ |
1245
1240 7
1235 7 \
L
1
o 1 i 4 5 e
Time (s) le-6
17
e
DPD =

107m | 1.

Lin et al., J Chem Phys, 2021 LR
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DeepONet vs. LSTM

Sparser training data

Denser training data

20 points / trajectory 80 points / trajectory 200 points / trajectory
e-s e-s e-s
— Growa n — Grouna T — Grauna Tran
T eacsonsytsne | 108 T ety L5

=

— Predicion by LSTM

ll© =

0003

Time (5)

00004

00005

0004 oo0os

2 o
Time (5)

Radius (m)

Radius (m)

— Ground Trtn
— Prediction by DeepONet

o000 oobor 00002

Lin et al., J Chem Phys, 2021
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Data assimilation in high-Mach boundary layers

We trained a forward DeepONetthat In collaboration with
predicts the evolution of instability waves in P. Clark Di Leoni, Y. Hao,
a high-Mach number boundary layer and an C. Meneveau & T. Zaki
inverseone that determines upstream =1

N (OHNS HOPKINS
perturbations from downstream data QW] UNIVERSITY

Discover free-stream

Disturbance

o ¥
S N Predict full flow field
Wall pressure S
e @& 0 L S |
P e-e *© .
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Inverse Forward
DeepONet wporqet
Clark Di Leoni et al., arXiv:2105.08697 o = - = =
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Multiphysics & Multiscale problems

Electroconvection problem ct—C-—1 w0

@ Stokes equation

811 K AP — | Periodic Periodic
— = -Vp+Viu— —p.V
5 P VU= 550V
V-u=0 c*=2 J°=0 u=0 Iy_,ﬁ
@ Electric potential Ag € [5,75]

02924 A -
2"V = pe = z(c" —c") u: velocity

°
@ lon transport equation ® p: pressure
N @ ¢: electric potential
8C + .
e -V-J @ p.: free charge density
°

+

¢*: cation/anion concentrations

o J*: flux

Cai et al., J Comput Phys, 2021
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DeepM&Mnet: Multiphysics & Multiscale problems

Hypersonics with chemical reaction: fluid flow & chemical reaction

&,
&

9%

Shock\\
=

N0, 470
0
(.
ap 0
2T 67j(p i) =0
op* 0 s
at +6_(pu])_w7 S_la 75
3ui 8 - 6crij -
n + %j(puluJ +pdij) = 9z, 1=1,2
OF 0 _ Ogj 0 _
o T 8_30]'[(E +p)u;] = o, * o (ujojk)

Mao et al., arXiv:2011.03349
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DeepONet for learning operators
DeepONet (Lu et al., Nature Mach Intell, 2021)

o Algorithms & Applications

» 16 ODEs/PDEs (nonlinear, fractional & stochastic)
» Multiphysics & Multiscale problems

* Bubble growth dynamics from nm to mm (Lin et al., J Chem Phys,
2021)

* Linear instability waves in high-speed boundary layers (Clark Di Leoni
et al., arXiv:2105.08697)

* Electroconvection (Cai et al., J Comput Phys, 2021)

* Hypersonics (Mao et al., arXiv:2011.03349)

@ Observation: Good performance

» Small generalization error
» Exponential /polynomial error convergence

o Theory

» Convergence rate for advection-diffusion equations (Deng et al.,
arXiv:2102.10621)
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Open-source software: DeepXDE

NEWS FEATURE - 20 JANUARY 2021

Ten computer codes that transformed science

From Fortran to arXiv.org, these advances in programming and platforms sent

nature

biology, climate science and physics into warp speed.

v /Ansys SIEMENS

Laboratories
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Other topics

Uncertainty quantification (UQ)

Tackling high dimensionality

Connections between machine learning and classical numerical
methods

Understanding deep learning from physics

Current limitations

Multiscale and multiphysics problems

Nonlinear and nonconvex optimization of networks

»
» Data generation
» Mathematics of theoretical foundation

v
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PhD & Postdoc Opening

Looking for PhD students and Postdocs to work on scientific machine
learning. Please feel free to contact me with CV (and/or transcripts,
sample publications) attached if you are interested.

Penn
Engineering

UNIVERSITY of PENNSYLVANIA

Personal website: https://lululxvi.github.io
Chemical and Biomolecular Engineering (CBE)
Applied Mathematics and Computational Science (AMCS)

Email: lulul@seas.upenn.edu
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